
Department of Mathematics

Comprehensive Examination - Option I

2017 Autumn

Complex Analysis

1. Prove that

u(x, y) =
x2 + y2 − x

(x− 1)2 + y2

is harmonic in R2 − {(1, 0)}, and find a harmonic conjugate v(x, y) for u(x, y).

2. Find the Laurent series for the function

f(z) =
z2 − z + 4

z3 − 3z2 + z − 3

valid in the following regions: I : |z| < 1, II :1 < |z| < 3, and III : |z| > 3.

3. Evaluate ∫
c

4z100 − z

z(z50 − 1)(z50 + z + 1)

where C : |z| = 5 is oriented counterclockwise, and give a clear justification for your
method.

4. Let

T (z) =
az + b

cz + d

(a) Show that T (z) = (T4 ◦ T3 ◦ T2 ◦ T1) (z) where

T1(z) = z +
d

c
, T2(z) =

1

z
, T3(z) =

bc− ad

c2
z, T4(z) = z +

a

c

(b) Given [z, z1, z2, z3] = (z−z1)(z2−z3)
(z−z3)(z2−z1)

, prove that [T (z), T (z1), T (z2), T (z3)] = [z, z1, z2, z3].
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Algebra

1. Let N be a normal subgroup of a group G, G/N be the quotient group of left cosets of
N in G, and φ :G → G be the map defined by φ(a) = a2 for all a ∈ G. Prove:

(a) G/N is abelian if and only if a−1b−1ab ∈ N for all a, b ∈ G.

(b) φ is a group homomorphism if and only if G is abelian.

2. Let D = Z[
√

3] = {a + b
√

3 : a, b ∈ Z}, where Z is the ring of integers.

(a) Prove that D is an integral domain with respect to the usual addition and multi-
plication of real numbers.

(b) Determine all ring homomorphisms φ : Z[
√

3] → Z[
√

3] such that φ(a) = a for all
a ∈ Z.

3. For ring R = Z× Z,

(a) Prove that I = Z×{0} is an ideal of R;

(b) Determine whether I is a prime ideal or a maximal ideal of R. Justify your answers.

4. Let T : Rn → Rn be a linear transformation represented by an n × n matrix A with
respect to basis B1 of Rn and by matrix B with respect to basis B2. Prove that matrices
A and B have the same eigenvalues.
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Real Analysis

1. Prove that

f(x) =
∞∑

n=1

(n4 + 1) sin 3x

(n2 + 1)2n2

is continuous on R.

2.

(a) Complete the “ε − N” definition: “A sequence of real numbers an converges to a
limit L if and only if . . .”

(b) Use the ε−N definition directly to prove that

lim
n→∞

2n3 + 6

1− 4n3
= −1

2
.

3. Prove that each compact subset of Rn is sequentially compact.

4. Give an example a sequence (fn)∞n=1 of continuous functions fn : [0, 1] → R such that
the sequence (fn)∞n=1 converges to the function f on [0, 1] and

lim
n→∞

∫ 1

0

fn(x)dx 6=
∫ 1

0

f(x)dx and

∫ 1

0

f(x)dx ∈ R,

and verify that your example is valid.
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Topology

1. Let f : X → Y be a continuous map where (X, dX) and (Y, dY ) are metric spaces and
(X, dX) is compact. Prove that f is uniformly continuous on X.

2. Let X and Y be connected spaces. Prove that X × Y with the product topology is
connected.

3. Prove that each closed subspace of a normal space is normal.

4. Let (X, T ) be a topological space and A ⊂ X. A point p ∈ X is an accumulation
point of A if and only if U ∩ (A− {p}) 6= ∅ for each open neighborhood U of p. Prove
Ā = A ∪ A′ where Ā = closure of A and A′ = {accumulation points of A}.
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Applied Analysis

1. Solve the following system of differential equations.{
x′ = 3x + y
y′ = x + 3y

and
x(0) = 100
y(0) = 50

2. Find the first four nonzero terms in each of two linearly independent solutions about
x = 0 for

xy′′ +
1

2
y′ + xy = 0.

3. Prove that

f(x) =
∞∑

n=1

(n4 + 1) sin 3x

(n2 + 1)2n2

is continuous in R.

4.

(a) Complete the “ε − N” definition: “A sequence of real numbers an converges to a
limit L if and only if . . .”

(b) Use the ε−N definition directly to prove that

lim
n→∞

2n3 + 6

1− 4n3
= −1

2
.
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Numerical Analysis

1. Consider the equation x2 = cos x. (Note: For this problem, you may not use any
graphing or root finding capabilities of your calculator.)

(a) Prove that the equation has exactly two solutions.

(b) Choose one of the two solutions. Use Newton’s Method to find an approximation
with an absolute error of less than 10−6.

2. Use Taylors Theorem to prove that the 2nd derivative approximation formula

f ′′(x0) ≈
f(x0 − h)− 2f(x0) + f(x0 + h)

h2

is an O(h2) approximation.

3. Write an efficient algorithm to solve an n × n system with 3 nonzero diagonals of the
form Ax = y where

A =



a1 0 d3

b1 a2 0 d4

b2 a3 0 d5

· · · · ·
· · · · ·

· · · · ·
bn−3 an−2 0 dn

bn−2 an−1 0
bn−1 an


, x =



x1

x2

x3
...

xn−2

xn−1

xn


, y =



y1

y2

y3
...

yn−2

yn−1

yn



Assume that A is nonsingular and that pivoting is unnecessary. You should first convert
to an upper-triangular system and then apply back-substitution. Fully exploit the
sparsity pattern.

4. Let λ be an eigenvalue of the matrix A . Prove that |λ| ≤ ||A|| for any matrix norm.You
may assume the existence of a compatible vector norm. That is, ||Bx|| ≤ ||B|| ||x|| for
all matrices B and all vectors x.

Comprehensive Exams Fall 2017



Department of Mathematics

Comprehensive Examination - Option III

2017 Autumn

Linear Programming

1. Solve the following minimization problem using the primal simplex method.

mimimize 3x1 + x2 + 4x3 + 2x4

subject to x1 + x2 − 2x3 + x4 = 10
4x1 + x2 + 2x3 + 3x4 ≥ 20

x1, x2, x3, x4 ≥ 0

2. Consider the following problem.

mimimize −6x1 − 3x2 − 9x3

subject to −3x1 − 2x2 + 8x3 ≤ 10
4x1 + 10x2 + 5x3 ≤ 12

x1, x2, x3 ≥ 0

The final tableaux is

x1 x2 x3 x4 x5

x3 0 22
47

1 4
47

3
47

76
47

x1 1 90
47

0 − 5
47

8
47

46
47

0 597
47

0 6
47

75
47

960
47

Solve the following using sensitivity analysis. Each question is independent of its pre-
decessor, so if one question asks you to change a number, then for the next question
that number gets reset to its original value.

(a) Find the range that the value of b1 = 10 can have without changing the optimal
solution. That is, x1 and x3 will be basic variables, although their final values will
be altered.

(b) Find the range that the coefficient of x1 in the objective function can have without
changing the optimal solution. That is, x1 and x3 will retain their optimal values,
but the value of z will be altered.

(c) Add in the following constraint and give the new solution.

2x1 + 2x2 + 4x3 ≤ 8

3. Using the Complementary Slackness Theorem, show whether (0, 3, 7.5, 0, 0) is the opti-
mal solution to

minimize 5x1 + 3x2 + 4x3 + 2x4 + x5

subject to 4x1 − x2 + 2x3 − 3x4 = 12
−2x1 + 3x2 + 2x4 + 3x5 = 9

x1, x2, x3, x4, x5 ≥ 0
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4. Solve the following transportation problem, where the numbers along the left column
are the supply, and the numbers along the top row are the demands, and the numbers
in the matrix represent the cost of sending supply i to demand j.

25 25 20 15 15
30 20 25 15 17 18
30 18 14 11 12 10
20 10 13 17 22 22
20 24 26 28 28 19
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Probability

1. Let X represent the number of freight-ships arriving at a specific port in a day. Here X
follows a Poisson distribution with λ = 2. The Poisson probability density function is
shown below. Currently this port can handle up to three freight-ships per day. If more
than three freight-ships arrive then the ships in excess of three must go to a different
port.

P (X = x) =
e−λλx

x!
for x = 0, 1, 2, . . .

(a) On a given day, what is the probability that no freight ships arrive?

(b) On a given day, what is the probability that freight-ships will be sent away?

(c) What is the most probable number of ships to arrive per day?

(d) What is the median number of ships to arrive per day?

(e) How many ships per day should the port be able to handle if the port were to be
expanded in capacity to handle all the freight-ships for about 90% of the days?

2. Suppose X, the lifetime of a certain type of electronic device (in hours), is a continuous
random variable with probability density function

f(x) =

{
10
x2 x > 10

0 x ≤ 10

(a) Show that f(x) is a probability density function.

(b) Find P (X > 20).

(c) Find the cumulative distribution function (cdf).

(d) Find the 75th percentile of this distribution.

(e) What is the probability that among six such types of devices at least three will
function for at least 15 hours?

3. The random variable X, with a density function given by,

f(x) =
mxm−1

α
e(−xm

α
) for 0 ≤ x < ∞; α, m > 0

is called a Weibull random variable.

The Weibull density function provides a good model for the distribution of length of life
for many mechanical devices and biological plants and animals. Find the mean E(X)
and variance V (X) for a Weibull random variable with m = 2.

Helpful result: Note Γ(α) =
∫∞

0
xα−1e−xdx and Γ(α) = (α− 1)!
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4. Suppose we want to investigate the percentage of football players who use steroids (a
bannable offense). To do this, doctors examine some of these players taken at random
from that population. However, doctors are not perfect: They sometimes classify a
steroid user (U) as one not using steroids (ND) or they classify an non-steroid using
player (N) as one that is using (UD). Suppose these error rates are P (ND|U) = 0.08
and P (UD|N) = 0.05, respectively. It is assumed that 4% of football players use
steroids.

(a) Suppose a football player is selected at random. What is the probability that the
doctor classifies the player as a steroid user? That is, compute P (UD).

(b) Given that the player is classified by the doctor as a steroid user, compute the
probability that the player is actually not a steroid user.

(c) Given that the player is classified by the doctor as not using steroids, compute the
probability that the player actually is a steroid user.

(d) Note that in parts (b) and (c) above, the probabilities calculated were the probabil-
ities of making errors. Is one more concerning than the other? Discuss the impact
of each of these errors in your answer along with an interpretation of the value of
their probabilities.

(e) To combat the poor testing ability of this test, the doctor subjects each football
player selected to two independent tests. A football player is cleared if at least one
of these tests comes back negative. Given that the player has failed both tests, find
the probability that the player is not a steroid user. Compare your answer with
part (b) and comment on the effectiveness of multiple testing.
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